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Abstract 

We give arguments for a conjecture made in a previous paper, that one 
has to use only the gauged sugra action for the calculation of correlators 
of certain operators via the AdS-CFT correspondence. The existence 
of consistent truncations implies that the massive modes decouple, and 
gauged supergravity is sufficient for computing n-point functions of CFT 
operators coupled to the massless (sugra) sector. The action obtained 
from the linear ansatz, of the type (j>(x, y) = <pi{x)Y I (y) gives only part of 
the gauged sugra. This means that there is a difference for the correlators 
on the boundary of AdS space. We find, studying examples of correlators, 
that the right prescription is to use the full gauged sugra, which implies 
using the full nonlinear KK ansatz. To this purpose, we analyze 3 point 
functions of various gauge fields in 5 and 7 dimensions, and the R-current 
anomaly in the corresponding CFT. We also show that the nonlinear 
rotation in the tower of scalar fields of Lee et al., Corrado et al. and 
Bastianelli and Zucchini produces a consistent truncation to the massless 
level and coincides with the Taylor expansion of the nonlinear KK ansatz 
in massless scalar fluctuations. Finally, we speculate about the way to 
do the full nonlinear rotation for the massive tower. 
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1 Introduction 



In two previous papers together with Peter van Nieuwenhuizen Q ^j, we showed 
that there exists a nonlinear embedding of 7d maximal gauged sugra into lid sugra 
and proved the consistency of this truncation 11 dimensional fields to the 7 dimensional 
fields in the AdSj x S4 background. For the AdSi X S7 KK reduction of lid sugra 
(to maximal d=4 gauged sugra), de Wit and Nicolai |J proved the consistency of 
the truncation indirectly (starting from another formulation of lid sugra, with SU(8) 
invariance) . For the AdS§ x S5 case presumably one can find also a consistent truncation 
of lOd IIB sugra to 5d maximal gauged sugra. 

Based on the existence of these consistent truncations we conjectured in |Q] that 
for the computation of correlators via the AdS-CFT correspondence 0, |5|, [|, if we 
are interested in operators corresponding to gauged sugra fields, it is enough to take 
the gauged sugra action. This eliminates an ambiguity in the formulation of the cor- 
respondence. Let's explain this further: a priori, there are two ways of dealing with 
the computation of correlators. The prescription says to take string theory on the 
AdSp x Sn-p background, and compute the effective action as a function of the bound- 
ary fields. One way could be to take the linear KK expansion in spherical harmonics 
(given in [§) 

cj> Ai (x,y)='£ ( f> I A (x)Y/(y) (1.1) 

and plug it into the lid sugra action. 

Then the truncation to the subset of fields of interest, {4>a} ^ s n °t consistent in 
general, because there are terms in the action linear in the fields set to zero, {4> A }- 
That means that their equation of motion, dS/dcj) 1 ^ = 0, contains the fields 4>a(x) as 
sources, which gives a contradiction. For the AdS-CFT correspondence, the inconsis- 
tency implies that for 4- and higher-point functions of <f>^(x), all 4> A " will contribute 
through Witten diagrams involving the troublesome couplings: 




Another possibility appears when we can have a nonlinear ansatz relating the 
{(f>Ai(%,y)} to {4>a( x )} suc h that the truncation is consistent (implying in particu- 
lar that the {(j) 1 "} don't appear in Witten diagrams for {4> l0 })- 

A priori, we don't know which one to take. We need a physical principle to decide. 
In the cases we study, lid sugra on AdS? x S4 truncated to 7d gauged sugra and lOd 
IIB sugra on AdS§ x S5 truncated to 5d gauged sugra, we will argue by examples that 
it is correct to take the ansatz giving a consistent truncation, and not the linear ansatz. 
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In other words, the gauged sugra action gives the correct CFT correlators, whereas the 
action coming from the linear ansatz doesn't. At this moment, it becomes clear what is 
the sought-for physical principle. Or rather physical principles: gauge symmetry and 
susy. Indeed, by taking the linearized action for the gauged sugra and imposing gauge 
invariance and susy (by the Noether procedure) you obtain the gauged sugra action. 
In fact, this is how 7d (and 5d) gauged sugra were obtained in g §. 

One might think that taking the gauged sugra action for the calculation of corre- 
lators is the natural thing to do, but this procedure is available only if there exists 
a consistent truncation. If there would exist an inconsistent truncation to gauged 
sugra, that would mean that for 4 point correlators one would have to consider the 
contribution of the whole tower of massive fields. 

So the procedure one needs in order to obtain the gauged sugra action is to modify 
the linearized ansatz in such a way that the action one obtains is gauge invariant and 
susy. This procedure can be easily generalized. The parent action was invariant under 
local "gauge" transformations, with parameter £^ = £, AB (x)V^ B {y) (where V AB is a 
Killing vector) . After the "nonlinear redefinition" (by nonlinear redefinition we under- 
stand a nonlinear KK ansatz as opposed to a linear one) of the massless fields, this 
invariance is lost, and so we need a corresponding nonlinear rotation for the massive 
fields in order to restore it. It is not clear whether this can be done multiplet by multi- 
plet or for the whole tower at once. We conjecture that this nonlinear ansatz, which we 
get after performing the rotation, is the one needed for the AdS-CFT correspondence. 

We have described how to obtain the nonlinear ansatz to be used for the AdS-CFT 
conjecture. One possible objection to this procedure is that a nonlinear redefinition 
of fields which doesn't change the quadratic action, like the one from the linearized 
ansatz, (j)Ai(x,y) = J2i '(v) t° the full nonlinear ansatz, will not change the S 

matrices of fields. This is so in usual field theory, but for the AdS-CFT correspondence 
there is one important difference: the S matrices are for the sources on the boundary. 
And boundary terms, which are usually neglected, become important. We will show 
that with a very simple example, of a A0 3 theory in the bulk. 

Now, to show that taking the gauged sugra is the correct procedure for the AdS- 
CFT correspondence as opposed to taking the action coming from the linearized ansatz, 
we will analyze several n-point functions coming from both approaches. We will first 
analyze in section 2.1 some relevant 3-point functions, listing all the possible ones and 
discussing in particular the ones involving gauge fields. Then in section 2.2 we will 
analyze the CS terms and what we can say for the field theory anomalies. Finally, we 
will discuss the scalar 3-point functions (corresponding to CPOs) from the work of Lee 
et al [10], Corrado et al. [O], and Bastianelli and Zucchini [jl2| and how the nonlinear 
rotation they found is needed to obtain a consistent truncation to gauged sugra. We 
also give arguments on why this is just a Taylor expansion in fluctuations of the full 
nonlinear rotation. 



2 3-point functions of gauge fields 
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2.1 General considerations 

In this section we will make some general remarks about relevant 3-point functions, in 
particular about gauge fields correlators. 
7d gauged sugra 

Bosonic fields: gauge fields B AB with gauge group SO(5) g , antisymmetric tensors 
S a p~i,A, graviton e„, scalars YIa % in the coset S7(5, H)/ SO(5) c . 
Bosonic action: 



e- 1 /: = -\R + \m\T 2 - 2T i;j T») - \p m] P mj - ^(U A l U B ^ F AB ) 2 
+ l(U-\ A S a ^ A ) 2 + ^-me- x e a ^ 5 ^8 AB S aPl , A F 5€r)<tB 

z 4o 

_i_ ie 1 ,a/37<5er)C, MGn T?BC r?DE 

16^ £ abcdeo b a p 1)G £ 5t 

m^ 1 i„ ._, m -1 



e- 1 n s [B]-!—-e- 1 n 3 [B] (2.1) 
o lb 

The first remark is that gravity will appear in the correct way just because of 
general coordinate invariance, both in the linearized ansatz and in the nonlinear one. 
(or rather, the lid graviton will be nonlinear ly redefined - Weyl rescaled - but only by 
the scalars: e a a -> e a a \detE^\~ x l h ). So we will disregard the 3-point functions involving 
the graviton. Also, the (511a 1 ) 3 3-point function will be analyzed in the last section. 
The remaining 3-point functions are: 

-Involving scalars: B AB 8HA l d a 6HB i , from [.Pmj] 2 term, BB5T1, from the dB A 
*dB5U piece in (U A i lL B i F^f) 2 and SS5U, from the [{U" 1 )^ S a ^ A ? term. 

-Involving no scalars: (B^ B ) 3 , from the kinetic term, 2 * dB A B A B; SSB, from 
the S kinetic term, i.e. jgme~ 1 e al3lSeri< >5 AB S Q/ 3^ aFs €V ( b, and BBS, from the term 
^e^e A BCDE5 AG S a ^ G F B c F ^. 

Let's look at the B s term. The calculation of AdS space correlators of gauge fields 
was done in |l3|, [14]. 

Let's see what would happen if we took the linearized ansatz: 

For the B 3 term the AdS space, the calculation of correlators was done in [13, 14 1. 



In 7d, the *dB AB AB term comes in the nonlinear ansatz in part from the kinetic term 
F 2 p in d=ll, and so this piece will be absent if we take the linearized ansatz. But 

there is also a piece coming from jVGWRW, which will remain. So the coefficient 
of the CFT correlator of 3 R-currents would get modified. Although the CFT has no 
lagrangean formulation, one can think of making a free field calculation, as it was done 
for the correlators of stress tensors in ADJ. The coefficient would not be fixed, but 
it can be fixed by taking susy variations on the stress tensor correlator in [jl5|]. One 



should obtain the result matching the AdS 3-point function in |13|, 14]. 

So the correct result is the one coming from the nonlinear ansatz. Moreover, we 
clearly see that imposing gauge invariance on dB A *dB we get the usual dF A *dF 
action, so gauge invariance here is clearly the physical principle needed to modify the 
linearized ansatz. 



4 



The same comment applies to the BBS correlator: The eSFF term in the action 
comes from two sources: the e ai --- a7 A aia2a3 F^ upo -F a ^^ a7 and e pupa e ai --- a7 A aia2a3 
F^ua4a 5 F pfTa( . a7 . If we use the linear ansatz, the last term would give the correct piece, 
eSdBdB, but the former would not contribute, and so the normalization of the SdBdB 
correlator would be wrong. Here one would have to compute the AdS correlator first, 
which we leave for future work 16]. 



5d gauged sugra 

Bosonic fields: -ungauged model: gravitons e^, gauge fields A AB scalars Vab ab 
(27-bein), global symmetry group £^(6)) composite symmetry USp(8). 

-gauged model: e p , gauge fields Aj/jBjf, scalars V IJab ,Vj a ab , gauge group: 
SO(p,6-p)xSL(2,R), composite symmetry USp(8). Under 27^ (15, l)e(6, 12), AB - 
I J ® la. 



Bosonic action: 



-1 p _ t> j _p pfiabcd 

'-bosonic — a r. A r aabcd r 



4 24 

I . „ , 1 

96 



-g(i^a6 + B^f - -e^ mj e aP B^D p B J J 

_i_„2r 6 _ 2 1 a2 1,1 AivpaT IJKLMN 

+Q ^ ab ~ T^ A abcd\ + Y2 C 6 

(Fij^Fklpo-Amnt + OT P< * 'FijiivAkl p Ampo-Aqnt 
+-g 2 r] PQ V RS A I j ll A K p u AMRaA S Nr) (2.2) 



where in the ungauged model V c d AB d^VAB ab = 2Q p ^ c t a <5^ + P p ab c d, which becomes 

in the gauged model VD'^V = 2Q U + P p , and V = V , D'^ is the SO(p, 6-p) covariant 
derivative, Q p is the USp(8) connection, D u is the full USp(8) x SO(p, 6 — p)- covariant 
connection. Also, 

A a bcd = ^~a[&ce(] j -^06 — abc 

T a bed = Y ae becd = (2V IKac V beJK - Vjk ac V be Ia )rj JL V cdIL 

F ab = vlJab^^ B ^ab = ViQ ab B Ia ^ 

and F au u and B^ are the field strengths of A IJ and Bjf, respectively. 

Bosonic 3-point functions- except the ones involving the graviton, for the same 
reasons as in 7d, and the ones involving only scalars, which are treated in the last 
section. 

-Involving no scalars: AAA, from the *dA A A A A and dA A dA A A terms in the 
action, BBA from the *dAf\B f\B and dB AdB A A term in the action (namely from the 
eBDB term), BBB from the *dB AB AB term, and BAA from the *dB AAA ylterm. 

-Involving scalars: VVA terms from the dVdVA piece of P^- (Ajf coming from 
D'J, and BBV from ^ vp(T1 ~n u e a pB]ZD < p B J J (V coming from the Q M term in D\). 

The AAA term was computed in 14 1 and gives the correct CFT correlators (we 



should stress once again that the agreement between the AdS and CFT computations 
holds as long as one uses the gauged sugra interactions). We can easily extend this 
result to all the 3 point functions of gauge fields {BBA, BAA and BBB), and all 
that changes are the coefficients of the terms in the action involving gauge fields, and 
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the combinatorial factors (coming from differentiating with respect to the boundary 
sources of the gauge fields) . 

On the other hand, if we take the lOd IIB sugra action, 

Sijb,vu = (^74 / d 10 x{^me~ 2 ">(^ m + 4|#| 2 - ^| 2 ) - 2\dl\" - 

}.\ H ' _ IH\ 2 - ^|M+| 2 ] - ±C + AH AH'} (2.4) 

and plug in the linearized ansatz, we will again miss some terms of the type *dA A 
A A A coming from the kinetic teim\H' — IH\ 2 of the antisymmetric tensors. The same 
comment applies to the *dB A B A B term for the BBB correlator, the *dB A A A A 
term for the BAA correlator, and *dA A B A B for the ABB correlator. The fact that 
we don't know the nonlinear KK embedding it's not relevant, because we know that 
if we have a consistent truncation, the prescription we suggest is to use the gauged 
sugra action. We also know the linearized KK reduction of [17]. So we can say that 



the correlators obtained from the linearized ansatz will differ from the ones obtained 
from the nonlinear ansatz, which we know to be correct (i.e. in agreement with N = 4 
SYM results). Once again, the nonlinear ansatz is seen to be the correct one to take. 



2.2 Anomalies 

5 dimensions For the relation between the CS term in maximal 5d gauged sugra and 
the R-current anomaly in 4d N=4 SYM, Witten gave a very elegant argument in his 
original paper on the AdS-CFT correspondence ||. The argument goes as follows: 

If we vary the bulk gauge fields (in 5d) by SaA^x) = (D lJi A) a (x) the only nonzero 
term in the variation of the action ^^[^(^[^a]] will be a boundary term coming 
from the CS term, 



SaS c i = 5 A S CS = Jd*xA a (x)(^)d abc eV kl d t (A"dkAf 

+ l f cde A b A d Af) {25) 

And the conjecture implies that S c i[A®(x)] is equal to VFL4"(x)], the generat- 
ing functional of connected Green's functions on the boundary. Since also J" (a?) = 
5W[A]/6A?(x), we get 

5aS c i = 5 A W = - J d^xA^^DMx) (2.6) 

which implies that 

< D t J t {x) >=5 A Scs (2.7) 

and gives a concrete physical interpretation to the known mathematical fact that the 
consistent anomaly in n dimensions is obtained by a descent equation from the 2n+l 
dimensional CS action. 

That implies that if one takes the full 1-loop 3-point function of R-currents in SYM 
and one takes a divergence, it should reproduce the result for the 'Witten diagram' of 
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3 gauge fields in AdS, with a divergence taken. (That is because the anomaly is only 1 



loop, by the Adler-Bardeen theorem.) It is indeed so, as noted in (1^, 14]; but it also 
implies a similar result for the 4 point function. In 4d N=4 SYM, the box diagram 
and its anomalous part are also nonzero. A priori, there seems to be another diagram 
contributing an anomaly, but it actually gives only a renormalization. (The wavy lines 



denote gauge vector propagators while the straight lines indicate fermion propagators.) 

Only by summing all the one loop anomalous diagrams we get a gauge covariant 
anomaly fll8| 

N 2 - 1 

{D " J » T = -^2 ldahCe " VfX7Fb ^ 

(the triangle anomaly anomaly alone yields just the dA A dA term on the right hand 
side). 

On the AdS side, there are two diagrams, the 4 point vertex for the CS term and 
the exchange diagrams, with 3-point vertices coming also from the CS term. The 
naive expectation, that the AdS 4-point vertex equals the box diagram from field 
theory, and the AdS exchange diagram equals the diagram with two triangles glued, 
is wrong, because the AdS exchange diagram gives a genuine contribution, not just a 
renormalization. 

However, Witten's argument tells us that the sum of the AdS diagrams should be 
equal to the sum of the field theory diagrams, so we don't need to worry. 

What would happen if we take the linearized ansatz instead? Even if we don't 
know the nonlinear ansatz, we know that using the nonlinear ansatz, the action for the 
massless sector will be 5d maximal gauged sugra, which has a CS term, and therefore 



generates a R-current anomaly. On the other hand, using the linear ansatz [17], and 
substituting it in the lOd IIB sugra action, we notice that there is no surviving CS 
term! That is so because the linear ansatz of the 3-form field strengths H and H 1 does 
not contain the massless gauge vector fields. So, by using the linear ansatz, one would 
conclude that there is no R-current anomaly. 

And again, gauge and supersymmetry invariance tells us that we should take the 
nonlinear ansatz, because by imposing them both on the linearized action we get the 
5d maximal gauged sugra, with a CS term. 

7 dimensions Witten's argument applies equally well in all odd dimensions, relating 
the anomaly in 2n dimensions to a CS term in a gauged sugra in 2n+l dimensions. 
However, the only other example of maximal gauged sugra in 2n+l dimensions is d=7. 
Again, by varying 

Scs = ^e-^slB] - ^e-ifialB] (2.9) 
8 lb 
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where f^f-B] and f^f-B] are the Chern-Simons forms for B^ B (normalized to ctt^i?] = 
(TrF 2 ) 2 and dQ^[B] = (TrF 4 )), we should get the chiral anomaly in 6d. But now 
it is unclear how to compute this anomaly, since the dual 6d theory is a nontrivial 
(0,2) CFT without a lagrangean formulation. The anomaly means that the 50(5) 
R-symmetry, which is part of the susy algebra, is broken by the fact that correlators of 
R-currents are anomalous. In 6d, the first anomalous correlator is the 4-point function 
(corresponding to the 4-point CS coupling dB AdB AdB AB). And it is easy to see from 
the nonlinear ansatz Q ^] that the 4-point CS coupling (in fact, all the CS term!) will 
be missing for the linearized ansatz (the 7 dimensional CS has terms with at least four 
fields, Tr(dB AdB AdB A B) and Tr(dB A dB) A Tr(dB A B), while the 11 dimensional 
CS dF^ A dF^> A cannot generate them after substituting a linearized ansatz). 

But we know that the 6d (0,2) CFT should have a chiral anomaly, because it is 
obtained as the IR limit of the M5-brane theory, which has an anomaly. Moreover, 
in |l~9[| , a brane calculation of the anomaly was performed, and it was found that the 
anomaly has the expected functional dependence, i.e. coming by descent formalism 
from the 7d Chern-Simons term. The only nontrivial aspect is the coefficient in front 
of this anomaly, which was found to be proportional to ./V 3 . The same iV 3 dependence 
is found also from the AdS calculation, because the sugra coupling has this dependence. 
One would like to understand the iV 3 dependence in a field theory context, because 



the calculation in [19] uses M theory, as does the AdS-CFT calculation. However, 



that was not done yet. The free- field calculation in [15] for the stress-tensor correla- 
tors (trying to match with the anomaly calculation of [^] on the AdS side), and the 
free-field calculation in plj for the R-current anomaly, both impose by hand the ./V 3 



dependence. In [22], the [[L^] calculation was extended to other gauge groups, and in 
|23j the calculation was related to Witten's [^] calculation in type IIA string theory, 
but a real field theory explanation is still lacking. 

So again, since we want an anomaly in 7d, because we know it should be there 
by the AdS-CFT correspondence, the nonlinear ansatz is the correct one. As before, 
we need to impose both susy and gauge invariance on the linearized action obtained 
by compactification in order to recover the correct result. (The absence of a CS term 
respects gauge invariance alone.) 

3 Scalar 3-point functions 

Let's start by giving the \<ft 3 example as promised in the introduction. ' For a A0 3 
theory in the bulk, a redefinition of fields in the bulk doesn't change the bulk S matrices, 
but does the ones computed on the boundary (via the AdS-CFT- type correspondence), 
because of the presence of a boundary term. Let's start with the lagrangean 

£ = ^</O 2 + ^V + A0 3 (3.1) 
The bulk 3-point function will be equal to A. Let's now redefine (f> = + a(j) 2 . Then, 

£ = \( d ^f + \rn 2 ^ 2 + A^ 3 + 2a4>(d^) 2 + m 2 a4> 3 



^This example emerged in a discussion we had with Fiorenzo Bastianelli. 
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+3Aa 2 5 + Xa 3 4> 6 (3.2) 



But 



J [2a4>(dfj,4>) 2 + m 2 a<^ 3 ] = -a J 4> 2 D4> + /" m 2 a^ 3 + 2a J d^ 2 d^) (3.3) 

On shell, (□ - m 2 )(j) = 0, so on-shell, the 3-point correlator is obtained from 

4> 3 + a f<p 2 (n-m 2 )0 = A f 3 (3.4) 



and therefore the correlator is still equal to A (For the 4-point correlator, the calculation 
is a bit more involved, but the result is the same.). But we see that if we compute 
•S^I^Im] to get the 3-point correlator of the boundary theory, it will differ from S^^ftd] 
by / d^{4> 2 d^4>). So a nonlinear redefinition of bulk fields, which doesn't change the 
masses, does change the boundary correlators. 

However, the following observation was made in [25]. The extra term 

d^ 2 d^) = [ 0(x)^(x)^^(x) (3.5) 

M JdM 
will contribute only a contact term to correlators, because we have 

5S 



6<l>(x)6<l>(y)6<f>(z) 



oc 5{x — y) (3-6) 



where 4>{x) here lives on the boundary. Still, if we have the correct action from the 
start, no unwanted contact terms will appear. But we had only contact terms due 
to the simplicity of the example. The field redefinition used in Jl^, |ll]] involves also 



derivatives, and is of the type 4> = (f> + a<p + b(d fl (f)) . Then, substituting into 
we get an extra cubic term to be added to (|3.2|) (and some higher order terms too) 

[2bd^d u 4d v 4 + m 2 b4{d^) 2 (3.7) 

which can be rewritten by partial integration as 

b J (cV) 2 (m 2 -n)$-b[ d u ({d^?dA) (3.8) 

so again, on shell we get only a boundary term contribution to the 3-point correlator. 
But this time it is not just a contact term, as it was also noticed in [25|. We will come 
back to the discussion of 25] at the end of this section. 
Let's now turn to the 3-point functions of scalars. 

7 dimensions The gauged sugra scalar fields in 7 dimensions are described by a coset 
element Ha 1 £ SL(5,H)/ SO(5) c . In the physical gauge, it is symmetric and traceless. 
In terms of scalar fluctuations, Sttai, we can write: 

IV = e*™ = [l + ^ + ^ + ^ + ...]* 

Cn-V = e-*« = [l-8* + ^-^ + ...] M (3.9) 
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Tij = [1 - 2<5vr + 25vr 2 - -5ir 3 + ...]< 



And so 

4 
3 

TrT = 5 + TTrbi? - ^Tr5n 3 + ... (3.10) 
where = (n _1 )j A (n _1 ), /4 . From P ai j = [U~ 1 d a Tl]( i j\, we get by expansion 



'-ij — I 11 H I 11 )j • rlum r ay — L 11 ^a 11 ^') 

-Tr[(n5ir)5Tr 3 } - - 
6 2 



P aij P ai i = Tr(d a 6ir) 2 + - -Tr [(D5tt)57t 3 ] - -Tr[(d a 5n) 2 : 5ir 3 ] (3.11) 



We notice that the cubic terms in P a ijP a%:> cancel, but the quartic ones don't. 
So, the cubic action for the scalars in the 7d gauged sugra is 

- ~P aij P aij + j{T 2 - 2TijT^) = -^Tr{d a 5ir) 2 + TrSir 2 + 2Tr5vr 3 (3.12) 

Let us describe the work Corrado et al. [O] and Bastianelli et al. [O] in 7 di- 
mensions for computing correlators of CPOs in the boundary CFT from the scalar 
fields correlators in AdS space and see what one can learn from this (This procedure 
was introduced for the first time by Lee et al. [10] for the study of AdS < 5/N=4 SYM 
correspondence. ) . 

Again, if one compactifies the lid sugra action on AdSj x S4 as in |7], |l2[ , one can 
write an ansatz for the fields as 

o 

Gaii = 9 mi +/iaii 

, .h' /i2\ 
ha/3 = \a,p) + (y - y ) 

h - h + h2 

= FM+da® (3.13) 

o 

where the notation <?An means background metric and hi^v) stands for symmetric and 
traceless. The indices A, . . . are lid, a, . . . are AdS-j and fj,, . . . are S4 indices. One 

oP oP 

decomposes the sugra fields (in the gauge D h^v) =D h^ a =D a^An = 0) in 
spherical harmonics: 

h' = Y, h ' lYl 

h 2 = Y. h ^ Yl 

where O x Y I (x) = —k{k + 3)Y I (x). The scalar kinetic term is diagonalized by the 
eigenvectors 

s 1 = ^^(/4 + 32/v^ + 3)6 J ) 
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t 1 = A±|(^-32/^) 
as 1 = k(k-3),k>2 

at 1 = (k + 3)(k + 6),k>0 (3.15) 

Now the cubic action gives the equations of motion 

(□-fc(fc + 3))^ = Df il2h s h s^ + Ef il2h D a S ^D aS ^ 
+ Ff il2l D^D^s^D {a D^ + ... 

+ L> W3 / 2 S /3 + E hl2h D a S ^D a s h 

+ F^D^D^s^D^D^s 1 * + ... (3.16) 

The condition of getting rid of nonlinear terms with derivatives in the equations of 
motion suggests the rotation: 

^ = ^+4 iIaI /^ + L'{ lIal3 D a S I 'D a 5 1 ^ 
s'i = s Jl + J hhl3 s h s l3 + L hl2h D a s h D a s l3 

+ jf ll2h ¥ 2 ~s h + Lf ll2l D^D a ~s^ (3.17) 

In terms of the redefined fields, the equations of motion become 

(□-fc(fc + 3))^ = Af i/2/3 ^^ 

(□-fc(fc-3))S Jl = A^^ + A^^ 3 (3.18) 



where 
A 



9fc 2 !fc 3 !r(fc! + 5/2)2 3fcl ~ 6 ~ 3S / 2 (2ai - 3)E(E + 1)(E + 3) 

~r(Q! + i)r(a 2 + i)r(« 3 + i)r(^) k 2 (2k 2 + i)k 3 (2k 3 + 1) 

ai(ai - 1) < T h C l2 C h > (3.19) 
3fe 2 !A:3!r(A; 1 + 5/2)2 3fe i- 5 ~ 3E / 2 



A/1/2/3 = ~ 



r(ai + i)r(a 2 + i)r(a 3 + i)r(^) 

E(E - 2)(E 2 - 1)(E 2 - 9) 
(fci - l)(2fci + 3)k 2 (2k 2 + l)k 3 (2k 3 + 1) 



C h C l2 C h >(3.20) 



and where < C h C h C h >= C/ 1 , C h h ~ A °<3 h .- C /s <a 3 +i...ia 3 +a a ji...ja 1 and < 

T h C h C h >= T h abi 1 ...i a2+a . iC h (jh Ji-i-i-i A ^ ig Q _ 

f 1 ■ •• t ct3 Ja--Ja 1 — 1 0*013 -f- 1 ■••'013 + 0:2 

portional to A^. We used the notation: 

1 3 

"i = ^EV^i (3-21) 

E = A;i + fc2 + fe 3 (3.22) 
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The expression < T Il C ' 2 C ' 3 > is non-zero if the 'modified triangle inequalities' are 
satisfied: a\ > 1,«2 > 0, > 0, together with the condition that S be even. 

For the s-s-s vertex, if k 2 = k% = 2, we have two possibilities: k\ = 2,4 , The only 
massive coupling (k\ = 4) is extremal, and it vanishes due to the factor of a\ = 0, 
(this fact also signals the possibility of a consistent truncation to the massless sector) 
but the corresponding CFT correlator is finite, because it is obtained after multiplying 
with a factor of 

r(2a 1 )r(2a 2 )r(2a 3 ) , , 

T(2ki - 2>)T{2k 2 - 3)r(2A;3 - 3) 1 ' ' 

and we use that r(2ai)/r(ai) — > 1/2 when ot\ — ► 0. This analytical continuation pro- 
cedure was discussed by Liu and Tseytlin [^6| who noticed that although the coupling 
dilaton-dilaton-massive singlet (M 2 = 32) vanishes, the 3-point function of associated 
CPOs does not. For the (ft — s — s vertex, the rescaling factor is finite, namely 

r(2a 3 + 3)r(2 ai - 3)r(2a 2 + 3) 

r(2A; 2 )r(2A; 3 )r(2A;i + 6) 1 " ' 

so the CFT correlator computed from A222 remains zero. 

We will argue that the nonlinear field redefinition (347]) is not just a matter of 



conveniently getting rid of unwanted higher-derivative terms in the scalar field action, 
but it is precisely (when truncated to the massless sector) a Taylor expansion of the 
nonlinear KK ansatz Jl], |j in the transverse fluctuation gauge. So, in this respect, it is 
not an unnatural redefinition, but it is the one which gives the gauged sugra action. For 
instance a nonlinear redefinition of the 3-index antisymmetric tensor a Qj a 7 — > a a /3 7 + 
cabcdeF^p B^ D Y E +more will generate part of the 7d CS terms, which we previously 
argued that are absent when one uses the linearized ansatz. Start with the nonlinear 
KK metric ansatz 

G a(3 (x,y) = A- 2 / 5 (x,y)g a p(y) (3.25) 
G^(x,y) = &^{x,y)C£{x)T^ B { y )C*{x) (3.26) 
G, a = 2A^(x,y)B£ B (y)Y B (x)CC( x )T^(y) (3.27) 

where A -6 / 5 = Y ■ T ■ Y , and the spherical harmonic satisfy the following identities: 
U x Y A {x) = -AY A {x), Y{x) ■ Y{x) = ^Li^ = 1> d^Y A {x) = C A (x) is the 
conformal Killing vector and C A C fJ,B = 5 AB — Y A Y B ; indices are raised and lowered 
with Kronecker delta. Set the gauge fields to zero and expand in linear order in the 
scalar fluctuations Sttab- Then 

V = 2^ • <5tt • C v + ~F • Sir ■ Y (3.28) 

will not be in the transverse gauge, and we need a compensating Einstein transforma- 

tionf] with parameter = — C v ■ 5ir ■ Y to satisfy the gauge condition D hi^v) = 0- 

Thus, in the transverse gauge, and up to quadratic order in fluctuations huv) = 0. The 
o a* 

gauge condition D haa = also implies the need of another Einstein transformation 



f n 



g = ^2 -^j(L^) n g where is the Lie derivative along £, and g is the transformed metric 
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with parameter £ a = 1/2Y- D a Sir ■ Y and one gets h^ a = 0, after performing the 
Einstein transformations. | To second order in fluctuations, and in the transverse 
gauge we have 

h {llu) = -^C^-8it 2 -C v) -^C {ll -8iT-C v) Y-5ir-Y + ^C {il -8it-YC v y5iT-Y 
+ gC( M - D a Sir- °D Sir ■ C u) + -C (m - D a Sir ■ C u) Y- D* Sir -Y 
- \c^-b a 5ir-YC v yb a Sir-Y (3.29) 
where, again we needed a compensating Einstein transformation with parameter 

20 n lo o a loot* 

iv = -— C v ■ {Sir) 2 -Y - — Y- D a Sir-YC u - D Sir Y + —Y- D a Sir- D Sir ■ C u 

(3.30) 

Using now that the first massive mode in h liu {y^x) = (f) 1 (y)Yi(x) has a spherical har- 
monic 

y u a v bcd = d A c B M c Y D ^ - -cfc B M A Y D ) - -d c c A y B Y D ^ 
- -d A c D M B Y c ^ - l -d B c D M A Y c ) + c\ d c c M a y b ) 

2 (?AB r (D r C) <-CD r {A r B) R AD r (C r B) ?BC r {A n D)\ „ s 

~ 15 V _() °0* ") ~° °0* °»0 > d - dA ' 

where the symmetry in the {A1?CZ)} indices is given by the box Young tableau (there- 
fore it is traceless in any pair of indices) and n x Y^ BCD = —%Y^ BCD , we notice that 
(3.29) can be rewritten as 



V,) = \{-ASir AB 8ir CD + b a 5ir AB D Sir CD )Y ABCD (3.32) 
For the same massive mode the nonlinear redefinition reads: 

= <\> ABCD + const. (- D a s AB D s CD + AR- 2 s AB s CD ) (3.33) 



where R is the S 4 radius (for us, Q, § R = 1, while in fy] R = 1/2). 

Thus we explicitly showed that the nonlinear redefinition coincides with the non- 
linear KK ansatz in the transverse gauge. 

In conclusion, since after the nonlinear rotation we get a consistent truncation, and 
moreover, we get the correct gauged sugra terms (up to cubic order in fluctuations), we 



can say that the nonlinear ansatz in [g, 11] is the correct one to use in the AdS-CFT 
correspondence. 



§ The constraint (h! 1 — Q/lQh^) D( a Dp) Y 1 = is trivially satisfied on-shell if we restrict ourselves to 
the massless scalar sector, as it yields the scalar field eq. Y ■ (U8ir + 25ir) ■ Y = 0. 

^ One cannot directly read off from here the relationship between 5n AB and s AB , one of the reasons being 
that the spherical harmonics were normalized differently in Q and in jLl| . 
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Let us now discuss the 5-dimensional case. In fact, it is a characteristic of gauged 
sugras that the kinetic term is P a jjP mj , P a ij = [H~ 1 d a n]^, with IT the scalar coset 
vielbein. It follows that the kinetic term has always two derivatives, and we also find 
no cubic term in P^j. Now, we would like to see that the gauged sugra action is the 
correct one to use for the AdS-CFT correspondence. 

Lee et al. [[!(]] looked at the lOd IIB action compactified on AdS§ x S5. The 
fluctuations are written as: 





— fan ~\~ h mn 


h a 


h ^ 


= n, (a/3) + — 






F 


= F + 5V[jOj Wm ] 



(3.34) 



If one decomposes linearly in spherical harmonics as: 



a /UlM2M3M4 = "/ll^WW^ (3.35) 

the constraints on the fields can be solved and the h^B 1 system is diagonalized by 
such that 

Hs 1 = k(k - 4)s 7 , k>2 

ut 1 = (k + 4)(k + 8)1?, k>0 (3.37) 

If one compactifies the type IIB action in lOd one obtains the following equations of 
motion for the s fields (up to quadratic order in fluctuations) 

(□ _ m jyi = £ ^ DhhhS h s h + £ W3 v^ /2 W 3 

+F Ilhh V^s h V^V u) s 1 ^ (3.38) 

where Di t j 2 i 3 , Ei 1 i 2 i 3 and Fi 1 j 2 j 3 are constants depending on fei, &2, &3- But in order to 
get rid of the terms in the equations of motion nonlinear in s 1 and involving derivatives, 



14 



one needs to make a nonlinear redefinition of fields, 



s 



1 1 

L hhh = 2 Fhhh {3.39) 

which modifies the equations of motion to: 

(□ _ mjjsh = J- X hhh s h s^ (3.40) 
h,h 

where 

h!k 2 !k 3 (k + l)2 fc + 2 - s / 2 S((S/2) 2 - l)((E/2) 2 - 4) r w 2r i 3 . 

XhI ^ = ai la 2 !a 3 ! h(h - l)(k 2 + l)(fe 3 + l)(S/2 + 2)! "i" 2 " 3 < C C C > 

(3.41) 

We notice that the invariant tensor < C Il C l2 C I?i > is nonzero (one can contract the 
indices correctly) only if the 'triangle inequalities' on > are satisfied, together with 
the the condition that S is even. If the coupling Xj 1 i 2 i 3 corresponds to a massive mode 
and two massless modes, i.e. h 2 = k% = 2, then k\ is restricted to be 2 (massless) or 4 
(massive). The latter case is 'extremal', in the sense that a% takes the extreme value 
zero). But in the extremal case A^/j/g = because the a± factor vanishes. 

The fact that after the nonlinear redefinition one has a consistent truncation, both 
in 5 and in 7 dimensions, was noticed already in a paper we wrote with Peter van 
Nieuwenhuizen Q, but we gave no details there. Afterwards, Aryutunov and Frolov 
wrote a series of papers where they found similar results. In [^7], ^q| , the cubic and 
quartic terms in the action were calculated by expanding the lOd IIB action in scalar 
fluctuations, and after a nonlinear redefinition of fields they also found a consistent 
truncation to the massless sector (the calculation also involves more fields, not just the 
s 1 scalars), i.e. all couplings between massless scalars and one massive scalar vanish. 

Moreover, in |E| they find that the corresponding action for the massless scalars 
(to quartic order) coincides with the terms in the gauged sugra action. 

After finding the coupling Xj 1 j 2 j 3 , one can use it to compute correlators of CPO's 
in the boundary CFT using the formulas in [13] which are found to agree with the 



weak coupling result. But for that one needed a nonlinear redefinition of fields, that is 



effectively modifying the linear ansatz in [17| to a nonlinear one. This nonlinear ansatz 
gives a consistent truncation, because one can consistently put all the massive s 1 in 
1 17] to zero. We notice that when going from a 3-point coupling in AdS space to a 
correlator on the boundary, one picks up a factor 

r(ai)r(a 2 )r(a 3 ) 

r(fci-2)r(fc 2 -2)r(*3-2) 1 ' ' 

The fact that the denominator becomes infinite is absorbed in the normalization of the 
operators.^] We notice that the T(a\) in the numerator becomes infinite, so that the 



" The 2-point function of CPOs coupled to the k — 2 scalar fields behaves ~ (fc — 2) 2 , and therefore 
vanishes. To get a nonvanishing result (in accord with the CFT calculation) one has to rescale the super- 
gravity fields with the infinite factor l/(fc — 2). This can be interpreted as another example of analytical 
continuation for the 'extremal' correlator k\ = &2 = 2. 



15 



'extremal' correlator becomes nonzero. We will say more about that at the end of this 
section. 

In the AdS§ x S§ case, no fully consistent KK truncation is known, but it is generally 
believed that one exists. If this is the case, the procedure of taking the consistent 
truncation is seen to be the correct one. 

Another point to be stressed is that before the rotation, the action has a term cubic 
in scalars, but with two derivatives. We have seen that in the gauged sugra action we 
don't have such a term, so the fact that the nonlinear rotation removes it is another 
confirmation of our procedure. 



Finally, we shall comment on the calculation in [25|. This paper tried to address 
the following puzzle raised by the calculation in ||10|| . If one takes the limit when 
k\ — ► &2 + &3 in the calculation of , the coefficient of the cubic action for the scalars 
tend to zero, but the integration diverges in such a way that the 3-point function 
becomes zero. 

To address this issue, D'Hoker et al. study the tcfifi three point function, and instead 
of using the nonlinear redefinition of fields used in (TO] (as we argue that is the correct 



procedure) , use equations of motion and partial integration to arrive at 

2k!S cublc = _ 8 (S + 4)a 1 (a 2 + 2)(a 3 + 2) f h)t ^^ + 

(fei + 3) JAdSs 

f a{k '> h > h \ -Dn<P k3 D^D^ - D n ^D^D^ 
Jd(Ads 5 ) ki + 3 

+D n t kl D mu (j) k2 D^(j) k:i ) + contact terms (3.43) 

where £ = h(ki + &2 + ^3), ol\ = \{k2 + k% — fei), etc., obtaining what we described at 
the beginning of this section, namely that the difference between making a nonlinear 
redefinition of fields and using equations of motion and partial integrations is given 
by boundary terms. The boundary terms of the type in ( |3,3j ) are contact terms which 
were dropped, and the boundary terms in ( |3.8| ) are of the same type as the ones in 
(3.43). We indeed notice that the coefficient of the bulk integral in ( |3.43| ) becomes 



equal to zero for k\ = ^2 + ^3. The point of view adopted in []25[ is the following. At 
k\ < &2 + ^3 only the bulk integral contributes, and the boundary one doesn't. But 
at k\ = &2 + &3, the situation is reversed: only the boundary integral contributes, and 
the boundary one doesn't. Moreover, the result for k\ = &2 + ^3 coincides with the one 
from the limit k\ — > &2 + &3- 

Our point of view is that we need to start with only the bulk integral in ( 3.43j ) 



(in other words make the nonlinear redefinition of fields). The analytic continuation 
k\ — * &2 + ^3 gives the correct result. With the linearized ansatz one also gets the 
boundary integral. If one considers it to be nonzero as plj does, then one can only 
spoil the result by a factor of 2, in this example. 

We note that for this case of scalar fields, this boundary terms seem to contribute 
only for 'extremal correlators' {k\ = k2 + £3), with a singular limit needed to be taken, 
but for general fields (gauge fields, for instance) the same will probably not happen. 

Indeed, as an example, for gauge fields we saw that the Chern-Simons term is 
completely missed by the linearized ansatz. A nonlinear redefinition in 7d which would 
give it would have to involve e ai ... a7 . And for such a redefinition the equation of 
motion ((D^j, — d^d u )A^ = ) is not very useful either in terms of creating the wanted 
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Chern-Simons term by partial integration and use of the equations of motion. Neither 
the natural redefinition one would think of, A ai -> A ai +e ai ... a7 d a2 A a3 d a4 A a5 d a(i A a7 , 
nor any other combination is able to reproduce the required Chern-Simons term. To 
be explicit, the nonlinear redefinition has to involve massive fields being redefined too: 
massive — > massive +(massless) n . Similarly, for the use of equations of motion one 
needs to use the massive equations of motion to obtain a Chern-Simons term. 

But if one takes as a starting point the linearized ansatz, one will obtain no anoma- 
lous CFT correlators. That is because for that one needs an e symbol. In 5 dimensions, 
the anomaly should be in the 3 point function already, but clearly the 3 point vertex 
is non-anomalous (because the e symbol comes only from the Chern-Simons which is 
now absent). In 7 dimensions, the anomaly starts at the 4 point function. So even 
though there is no Chern-Simons term, one might hope that the exchange diagram, 
where massive fields are exchanged, could contribute. But using the linearized ansatz 
we don't get any couplings involving the e symbol of the type gauge field-gauge field- 
massive field. Therefore again, no anomaly on the CFT side. From this discussion, 
one concludes that, even if one does the steps in |25t| , namely partial integration and 
the use of the bulk equations of motion, if one obtains the Chern-Simons term, it 
will be together with extra boundary terms canceling the effect of the anomaly in the 
boundary correlators! 

So we have an example where, even if the methods of [25| can be applied, the 
boundary terms which are generated will contribute not only to 'extremal' correlators, 
but to the 'massless' ones as well. 

Therefore, here (for the scalar field case) it is somewhat a matter of taste which 
philosophy one takes, maybe the one of D'Hoker et al. looks more attractive, however 
one has to consider a more general case. As we have seen, we have an argument that 
taking the nonlinear ansatz from the start produces the correct anomaly, the correct 
gauge invariant AdS correlators (so correct R-invariant CFT correlators) and gets rid 
of unwanted contact terms. Therefore, it is better to have a clear physical principle to 
deal with all of the above. 

For the 'massless' (gauged sugra) AdS fields, we know that gauge invariance and 
susy forces us to take the gauged sugra action. For the massive fields, we don't know 
the nonlinear ansatz. But then we can do what Seiberg et al. and Corrado et al. 
did, namely to find order by order and ansatz which removes unwanted terms in the 
action (with too many derivatives, for instance). Ideally, one would have to do what 
we sketched in the introduction, namely to use gauge invariance and susy to fix the 
nonlinear ansatz for the tower of massive fields. 



4 Conclusions 

In this paper, we gave arguments for the previous conjecture that one has to use the 
gauged sugra action, as obtained from lid, or lOd IIB sugra through a nonlinear 
KK ansatz, for the computation of n-point functions of CFT operators coupled to 
the massless (sugra) sector. A similar nonlinear rotation is needed for the massive 
tower in order to restore the gauge invariance of the action for the whole KK tower 
after performing the "nonlinear rotation" at the massless level. Part of this rotation, 
namely up to quadratic order in scalar fluctuations was already introduced by Lee et 
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al. [1C], Corrado et al. [11 1 and Bastianelli and Zucchini [12|. But their reason for 
doing this was to eliminate certain higher derivative couplings from the reduced action. 

Our arguments are based on: 
- previously computed R-current correlators. In particular, we noticed that the linear 
KK ansatz completely misses the CS term (in both 5 and 7 dimensions) which corre- 
sponds to the R-current anomaly. 



-we explicitly showed that the nonlinear rotation of [11, [j^] corresponds to a Taylor 
expansion of the nonlinear KK ansatz |l], ^] (in the transverse gauge) in massless scalar 
fluctuations. 
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